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CLAIRAUT ANTI-INVARIANT SUBMERSIONS FROM
NORMAL ALMOST CONTACT METRIC MANIFOLDS
HAKAN METE TAS¸TAN AND SI˙BEL GERDAN
Abstract. We investigate new Clairaut conditions for anti-invariant submer-
sions from normal almost contact metric manifolds onto Riemannian mani-
folds. We prove that there is no Clairaut anti-invariant submersion admitting
vertical Reeb vector field when the total manifold is Sasakian. Several illus-
trative examples are also included.
1. Introduction
In the theory of surfaces, Clairaut’s theorem states that for any geodesic α on
a surface S, the function r sin θ is constant along α, where r is the distance from
a point on the surface to the rotation axis and θ is the angle between α amd the
meridian through α. This idea was applied to the Riemannian submersions [16]
by Bishop [5] and he gave a necessary and sufficient condition for a Riemannian
submersion to be Clairaut. Allison [1] considered Clairaut submersions when the
total manifolds were Lorentzian and he also showed that such submersions have
interesting applications in static space-times. Lee et al. [15], investigated new
conditions for anti-invariant Riemannian submersions [19] to be Clairaut when the
total manifolds are Ka¨hlerian. A similar study [22] was done by S¸ahin and the first
author of this paper for semi-invariant submersions [20], slant submersions [21] and
pointwise slant submersions [14].
In the present paper, we consider anti-invariant Riemannian submersions from
normal almost contact metric manifolds onto Riemannian manifolds. After giving a
necessary and sufficient condition for a curve on the total manifolds to be geodesic,
we focus investigate new Clairaut conditions for considered submersions. We first
give a new necessary and sufficient condition for anti-invariant submersions admit-
ting horizontal Reeb vector field to be Clairaut in the case of the total manifolds are
Sasakian. We also give a characterization for such submersions when they satisfy
Clairaut condition. Contrary to the case of admitting horizontal Reeb vector field,
we prove that there is no anti-invariant submersion satisfying Clairaut condition in
the case of admitting vertical Reeb vector field when the total manifold is Sasakian.
Finally, we present a new necessary and sufficient condition for anti-invariant sub-
mersions to be Clairaut in the case of their total manifolds are Kenmotsu. An
illustrative example for each kind of submersion is also given.
2010 Mathematics Subject Classification. Primary 53C15, Secondary 53B20.
Key words and phrases. Riemannian submersion, Anti-invariant submersion, Lagrangian sub-
mersion, Clairaut submersion, Sasakian manifold, Kenmotsu manifold.
1
2 TAS¸TAN, H.M. AND GERDAN, S.
2. Preliminiaries
This section consists of four subsections. In subsection 2.1, we present the fun-
damental definitions and notions some classes of normal almost contact metric
manifolds such as Sasakian and Kenmotsu. In subsection 2.2, we give the basic
background for Riemannian submersions. In subsection 2.3, we recall the funda-
mental definitions and notions of anti-invariant Riemannian and Lagrangian sub-
mersions. The definition and a characterization of Clairaut submersions are placed
in the last subsection.
2.1. Some classes of normal almost contact metric manifolds. Let (M, g)
be a (2m + 1)-dimensional Riemannian manifold and denote by TM the set of
vector fields of M. Then, M is called an almost contact metric manifold [3] if there
exists a tensor ϕ of type (1, 1) and global vector field ξ which is called the Reeb
vector field or the characteristic vector field such that for any E,F ∈ TM , we have
ϕξ = 0 , η(ξ) = 1 , ϕ2 = −I + η ⊗ ξ
and
g(ϕE,ϕF ) = g(E,F )− η(E)η ,(2.1)
where η is the dual 1-form of ξ. Also, it can be deduced from the above axioms
that
η ◦ ϕ = 0 and η(E) = g(E, ξ) .
In this case, (ϕ, ξ, η, g) is called the almost contact metric structure of M. The
almost contact metric manifold (M,ϕ, ξ, η, g) is called a contact metric manifold if
we have
Φ(E,F ) = dη(E,F )
for any E,F ∈ TM , where Φ is a 2-form in M defined by g(E,ϕF ). The 2-form
Φ is called the fundamental 2-form of M . A contact metric structure (ϕ, ξ, η, g) of
M is said to be normal [25] if we have
[ϕ, ϕ] + 2dη ⊗ ξ = 0 ,
where [ϕ, ϕ] is Nijenhuis tensor of ϕ. Any normal contact metric manifold is called
a Sasakian manifold. It is not difficult to prove that a contact metric manifold M
is a Sasakian manifold if and only if
(∇Eϕ)F = g(E,F )ξ − η(F )E(2.2)
for any E,F ∈ TM , where ∇ denotes the Levi-Civita connection of M . For the
further information of Sasakian manifolds, see the classical books [3, 25].
A Kenmotsu manifold M [11] is a normal almost contact metric manifold satis-
fying
(∇Eϕ)F = g(ϕE,F )ξ − η(F )ϕE.(2.3)
for all E,F ∈ TM . We refer to the original paper [11] for fundamental definitions
and notions of Kenmotsu manifolds.
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2.2. Riemannian submersions. Let (M, g) and (N, gN ) be Riemannian mani-
folds, where dim(M) > dim(N). A surjective mapping pi : (M, g) → (N, gN ) is
called a Riemannian submersion [16] if:
(S1) The rank of pi is equal to dim(N).
In which case, for each q ∈ N , pi−1(q) = pi−1q is a k-dimensional submanifold of
M and called a fiber, where k = dim(M)− dim(N). A vector field on M is called
vertical (resp. horizontal) if it is always tangent (resp. orthogonal) to fibers. A
vector field Y on M is called basic if Y is horizontal and pi-related to a vector field
Y∗ on N, i.e., pi∗Yp = Y∗pi(p) for all p ∈M, where pi∗ is the derivative map of pi. As
usual, we denote by V and H the projections on the vertical distribution kerpi∗ and
the horizontal distribution (kerpi∗)⊥, respectively.
(S2) For all p ∈M and for any horizontal vectors Y and Z at p and, we have
g(Yp, Zp) = gN(pi∗Yp, pi∗Zp) ,
that is, pi∗ preserves lengths of horizontal vectors.
The geometry of Riemannian submersions is characterized by O’Neill’s tensors
T and A, defined as follows:
(2.4) TEF = V∇VEHF +H∇VEVF,
(2.5) AEF = V∇HEHF +H∇HEVF
for any vector fields E and F on M, where ∇ is the Levi-Civita connection of g. It
is easy to see that TE and AE are skew-symmetric operators on the tangent bundle
of M reversing the vertical and the horizontal distributions. We summarize the
properties of the tensor fields T and A. Let W,U be vertical and Y, Z be horizontal
vector fields on M , then we have
(2.6) TWU = TUW,
(2.7) AY Z = −AZY = 1
2
V [Y, Z].
Equation (2.6) says that T is symmetric for vertical vector fields, while equation
(2.7) says that A is skew symmetric for horizontal vector fields. Moreover, from
(2.7) it follows the horizontal distribution is integrable if and only if A is zero,
identically. On the other hand, from (1) and (2), we obtain
(2.8) ∇WU = TWU + ∇ˆWU,
(2.9) ∇WY = TWY +H∇WY,
(2.10) ∇YW = AYW + V∇YW,
(2.11) ∇Y Z = H∇Y Z +AY Z,
where ∇ˆWU = V∇WU . Moreover, if Y is basic, then we have
H∇WY = AYW.(2.12)
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From (2.8), we see that T acts on the fibers as the second fundemantal form. We
also observe that the horizontal distribution is totally geodesic if and only if A is
zero, identically from (2.11). For details on the Riemannian submersions, we refer
to the papers, [9, 16] and to the books [8, 18].
2.3. Anti-invariant Riemannian submersions. The notion of anti-invariant
Riemannian submersion was first defined by S¸ahin [18] in almost Hermitian ge-
ometry and then this notion was applied to almost contact geometry by Lee [13] as
follows.
Definition 2.1. ([13]) Let M be a (2m + 1)-dimensional almost contact metric
manifold with almost contact metric structure (ϕ, ξ, η, g) and N be a Riemannian
manifold with Riemannian metric gN . Suppose that there exists a Riemannian sub-
mersion pi :M → N such that the vertical distribution kerpi∗ is anti-invariant with
respect to ϕ, i.e., ϕkerpi∗ ⊆ kerpi⊥∗ . Then the Riemannian submersion pi is called
an anti-invariant Riemannian submersion. We will briefly call such submersions as
anti-invariant submersions.
In this case, the horizontal distribution kerpi⊥∗ is decomposed as
(2.13) kerpi⊥∗ = ϕkerpi∗ ⊕ µ ,
where µ is the orthogonal complementary distribution of ϕkerpi∗ in kerpi⊥∗ and it
is invariant with respect to ϕ.
We say that an anti-invariant Riemannian submersion pi : M → N admits ver-
tical Reeb vector field if the Reeb vector field ξ is tangent to kerpi∗ and it admits
horizontal vector Reeb vector field if the Reeb vector field ξ is normal to kerpi∗. It
is easy to see that µ contains the Reeb vector field ξ in the case of pi : M → N
admits horizontal vector Reeb vector field ξ. For any Y ∈ kerpi⊥∗ , we write
ϕY = BY + CY ,(2.14)
where BY ∈ kerpi∗ and CY ∈ kerpi⊥∗ .
For some details and examples of the anti-invariant Riemannian submersions
from almost contact metric manifold (M,ϕ, ξ, η, g) onto a Riemannian manifolds
(N, gN ), we refer to the papers [4, 7, 13] and to the book [18].
Definition 2.2. ([24]) Let pi be an anti-invariant Riemannian submersion from an
almost contact metric manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN ).
If µ = {0} or µ = span{ξ}, i.e., kerpi⊥∗ = ϕ(kerpi∗) or kerpi⊥∗ = ϕ(kerpi∗)⊕ < ξ >,
respectively, then we call pi a Lagrangian submersion.
In that case, for any horizontal vector field X, we have
(2.15) BX = ϕX and CX = 0 .
For the general properties of such submersions, see [23, 24].
2.4. Clairaut submersions. Let S be a revolution surface in R3 with rotation
axis L. For any p ∈ S, we denote by r(p) the distance from p to L. Given a
geodesic α : I ⊂ R → S on S, let θ(t) be the angle between α(t) and the merid-
ian curve through α(t), t ∈ I. A well-known Clairaut’s theorem says that for any
geodesic α on S the product r sinθ is constant along α, i.e., it is independent of
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t. In the theory of Riemannian submersions, Bishop [5] introduces the notion of
Clairaut submersion in the following way.
Definition 2.3. ([5]) A Riemannian submersion pi : (M, g) → (N, gN) is called a
Clairaut submersion if there exists a positive function r on M such that, for any
geodesic α on M , the function (r ◦ α)sinθ is constant, where, for any t, θ(t) is the
angle between α˙(t) and the horizontal space at α(t).
He also gave the following necessary and sufficient condition for a Riemannian
submersion to be a Clairaut submersion as follows.
Theorem 2.4. ([5]) Let pi : (M, g) → (N, gN ) be Riemannian submersion with
connected fibers. Then pi is a Clairaut submersion with r = ef if and only if each
fibre is totally umbilical and has the mean curvature vector field H = −∇f , where
∇f is the gradient of the function f with respect to g.
3. Anti-invariant submersions admitting horizontal
reeb vector field from sasakian manifolds
In this section, we study anti-invariant submersions from Sasakian manifolds
admitting horizontal Reeb vector field. After giving a new necessary and sufficient
condition for such submersions to be Clairaut, we prove some characteristic results
for this kind of submersions. We also present an illustrative example for such sub-
mersions at the end of this section.
As seen from Definition 2.3, the origin of the notion of a Clairaut submersion
comes from geodesic on its total space. Therefore, we will investigate a necessary
and sufficient condition for a curve on the total space to be geodesic.
Lemma 3.1. Let pi be an anti-invariant Riemannian submersion from a Sasakian
manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN ) admitting horizontal
Reeb vector field. If α : I ⊂ R → M is a regular curve and V (t) and X(t) are
the vertical and horizontal components of the tangent vector field α˙(t) = E of α(t),
respectively, then α is a geodesic if and only if along α the following equations
V∇α˙BX +AXϕV + TV ϕV + (TV +AX)CX + η(X)V = 0 ,(3.1)
H∇α˙CX +H∇α˙ϕV + (TV +AX)BX + η(X)X − νξ = 0(3.2)
hold, where
√
ν is constant speed of α.
Proof. From (2.2), we have
∇α˙ϕα˙ = ϕ∇α˙α˙+ g(α˙, α˙)ξ − η(α˙)α˙.(3.3)
Since α˙ = V +X and g(α˙, α˙) = ν, we can write
∇V+Xϕ(V +X) = ϕ∇α˙α˙+ νξ − η(V )α˙− η(X)α˙.
By direct computations, we obtain
∇V ϕV +∇V ϕX +∇XϕV +∇XϕX = ϕ∇α˙α˙+ νξ − η(X)V − η(X)X,
since η(V ) = 0.
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Using (2.8)∼(2.11), we get
H(∇α˙ϕV +∇α˙CX) + (TV +AX)(BX + CX) + V∇α˙BX +AXϕV + TV ϕV
= ϕ∇α˙α˙+ νξ − η(X)V − η(X)X .
Taking the vertical and horizontal parts of above equation, we get
V∇α˙BX +AXϕV + TV ϕV + (TV +AX)CX = Vϕ∇α˙α˙− η(X)V(3.4)
and
H∇α˙CX +H∇α˙ϕV + (TV +AX)BX = Hϕ∇α˙α˙+ νξ − η(X)X(3.5)
From (3.4) and (3.5), it is easy to see that α is a geodesic if and only if (3.1) and
(3.2) hold. 
Theorem 3.2. Let pi be an anti-invariant Riemannian submersion from a Sasakian
manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN ) admitting horizontal
Reeb vector field. Then pi is a Clairaut submersion with r = ef if and only if along
α
g(∇f,X)‖ V ‖2 = g(η(X)X +H∇α˙CX + (TV +AX)BX,ϕV )(3.6)
holds, where V (t) and X(t) are the vertical and horizontal components of the tangent
vector field α˙(t) of the geodesic α(t) on M , respectively.
Proof. Let α(t) be a geodesic with speed
√
ν on M , then we have
ν = ‖ α˙(t) ‖2,
From this equality, we deduce that
g(V (t), V (t)) = νsin2θ(t) and g(X(t), X(t)) = νcos2θ(t),(3.7)
where θ(t) is the angle between α˙(t) and the horizontal space at α(t). Differentiating
the first expression in (3.7), we obtain
d
dt
g(V (t), V (t)) = 2g(∇ ˙α(t)V (t), V (t)) = 2νcosθ(t)sinθ(t)
dθ
dt
(t).
Hence using the Sasakian structure, we get
g(ϕ∇ ˙α(t)V (t), ϕV (t)) = νcosθ(t)sinθ(t)
dθ
dt
(t) ,(3.8)
At this point, we know
ϕ∇α˙V = ∇α˙ϕV − g(α˙, V )ξ
from (2.2). Hence,
g(ϕ∇α˙V, ϕV ) = g(∇α˙ϕV, ϕV ) = g(H∇α˙ϕV, ϕV ),
since g(ξ, ϕV ) = 0 and ϕV is horizontal.
Thus, from (3.8), we obtain
g(H∇α˙ϕV, ϕV ) = νcosθsinθdθ
dt
(3.9)
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By (3.2), we find along α,
−g(H∇α˙CX + (TV +AX)BX + η(X)X,ϕV ) = νcosθsinθdθ
dt
,(3.10)
since g(ξ, ϕV ) = 0.
On the other hand, pi is a Clairaut submersion with r = ef if and only if
d
dt
(efsinθ) = 0⇔ ef(df
dt
sinθ + cosθ
dθ
dt
) = 0
Multiplying last equation with non-zero factor νsinθ, we get
df
dt
νsin2θ + νcosθsinθ
dθ
dt
= 0(3.11)
From (3.10) and (3.11), we obtain
df
dt
(α(t)) ‖ V ‖2= g(H∇α˙CX + (TV +AX)BX − η(X)X,ϕV )(3.12)
Since
df
dt
(α(t)) = α˙[f ] = g(∇f, α˙) = g(∇f,X), the assertion (3.6) follows from (3.12).

From (3.6), we get the following result.
Corollary 3.3. Let pi be an Clairaut anti-invariant Riemannian submersion from
a Sasakian manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN ) admitting
horizontal Reeb vector field. Then we have
(3.13) g(∇f, ξ) = 0 .
Next, we give a characterization for Clairaut anti-invariant Riemannian submer-
sion admitting horizontal Reeb vector field.
Theorem 3.4. Let pi be a Clairaut anti-invariant Riemannian submersion admit-
ting horizontal Reeb vector field from a Sasakian manifold (M,ϕ, ξ, η, g) onto a
Riemannian manifold (N, gN ) with r = e
f . Then at least one of the following
statements are true:
(a) f is constant on ϕkerpi∗ ,
(b) the fibers of pi are one dimensional ,
(c) AJWJX = X(f)W
for X ∈ µ and W ∈ kerpi∗ such that JW is basic.
Proof. Let pi be a Clairaut anti-invariant Riemannian submersion admitting hori-
zontal Reeb vector field from a Sasakian manifold (M,ϕ, ξ, η, g) onto a Riemannian
manifold (N, gN ) with r = e
f . From Bishop’s theorem, we have
TUV = −g(U, V )∇f(3.14)
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where U, V ∈ kerpi∗, If we multiply this equation by ϕW for W ∈ kerpi∗ and using
(2.8), we obtain
g(∇UV, ϕW ) = −g(U, V )g(∇f, ϕW ).
Hence, we get
g(∇UϕW, V ) = g(U, V )g(∇f, ϕW ),
since g(V, ϕW ) = 0.
By (2.2), we arrive at
g(ϕ∇UW,V ) = g(U, V )g(∇f, ϕW ).
Using the Sasakian structure, we find
−g(∇UW,ϕV ) = g(U, V )g(∇f, ϕW )
Again, using (2.8), we get
−g(TUW,ϕV ) = g(U,W )g(∇f, ϕV )
Hence, by (3.14),
g(U,W )g(∇f, ϕV ) = g(U, V )g(∇f, ϕW )(3.15)
If take U = W and interchange U with by V in (3.15), we derive
‖ V ‖2g(∇f, ϕU) = g(U, V )g(∇f, ϕV )(3.16)
Using (3.15) with W = U and (3.16), we have
g(∇f, ϕU) = g
2(U, V )
‖ U ‖2‖ V ‖2 g(∇f, ϕU)(3.17)
On the other hand, using (2.2), we have
g(∇V ϕW,ϕX) = g(ϕ∇VW,ϕX).
for X ∈ µ and X 6= ξ. Hence, using the Sasakian structure, we obtain
g(∇V ϕW,ϕX) = g(∇VW,X).
Using (2.8) and (3.14), we get
g(∇V ϕW,ϕX) = −g(V,W )g(∇f,X)(3.18)
Since ϕW is basic and using the fact that H∇V ϕW = AϕWV , we get
g(∇V ϕW,ϕX) = g(AϕWV, ϕX)(3.19)
Using (3.18)∼(3.19) and the skew-symmetricness of A, we find
g(AϕWϕX, V ) = g(∇f,X)g(W,V ).(3.20)
Since AϕWϕX, V and W are vertical and ∇f is horizontal, we deduce that
AϕWϕX = X(f)W(3.21)
from (3.20).
Now, if ∇f ∈ ϕkerpi∗, then (3.17) and the equality case of Schwarz inequality
imply that either f is constant on ϕkerpi∗ or the fibers of pi are one dimensional.
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Thus (a) and (b) follows. If ∇f ∈ µ \ {ξ}, the last assertion follows immediately
from (3.21). 
Corollary 3.5. Let pi be a Clairaut anti-invariant Riemannian submersion admit-
ting horizontal Reeb vector field from a Sasakian manifold (M,ϕ, ξ, η, g) onto a
Riemannian manifold (N, gN) with r = e
f and dim(kerpi∗) > 1. Then the fibers of
pi are totally geodesic if and only if AJV JX = 0 for V ∈ Γ(kerpi∗) such that JV is
basic and X ∈ µ.
Moreover, if the submersion pi in Theorem 3.4 is Lagrangian, then AJV JX is
always zero, since µ = {0} or µ = span{ξ}. Thus, we have the following result from
Theorem 3.4.
Corollary 3.6. Let pi be a Clairaut Lagrangian submersion admitting horizontal
Reeb vector field from a Sasakian manifold (M,ϕ, ξ, η, g) onto a Riemannian man-
ifold (N, gN) with r = e
f . Then either the fibers of pi are one dimensional or they
are totally geodesic.
We ends this section by giving a (non-trivial) example of a Clairaut anti-invariant
submersion from Sasakian manifold admitting horizontal Reeb vector field.
Example 3.7. Let R
3
be 3-dimensional Euclidean space given by
R
3
= {(x, y, z) ∈ R3 | (x, y) 6= (0, 0) and z 6= 0}.
We consider the map pi : (R
3
, ϕ0, ξ, η, g)→ (R2, g2) defined by
pi(x, y, z) = (
√
x2 + y2, z)
where (ϕ0, ξ, η, g) is the usual Sasakian structure [6] on R
3
and g2 is the Euclidean
metric on R2. Then the Jacobian matrix of pi is(
x/τ y/τ 0
0 0 1
)
.
Here, τ =
√
x2 + y2. Since the rank of this matrix is equal to 2, the map pi is a
submersion. Following some computations, we have
kerpi∗ = span{U = y
τ
E1 − x
τ
E2}
and
kerpi⊥∗ = span{Z =
x
τ
E1 +
y
τ
E2 , E3 = ξ},
where {E1, E2, E3} is a ϕ0-basis such that E1 = 2( ∂∂x + y ∂∂z ) and E2 = 2 ∂∂y .
For this map pi, it is not difficult to satisfy the condition S2). So, pi is a Rie-
mannian submersion. Also, we have ϕ0(U) = −X . Hence, we see that pi is an
anti-invariant Riemannian submersion admitting horizontal Reeb vector field. In
particular, pi is Lagrangian. Moreover, since the fibers of pi are one dimensional,
they are clearly totally umbilical. Here, we shall show that the fibers are not totally
geodesic and find that a function on R
3
satisfying TUU = −∇f. Indeed, by direct
computations, we have
(3.22) ∇UU = U [ 1
τ
]τU − 2
τ2
(xE1 + yE2) +
(
y
τ
U [E1]− x
τ
U [E2]
)
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Here, one can see that
U [E1] =
y
τ
∇E1E1 −
x
τ
∇E2E1
and
U [E2] =
y
τ
∇E1E2 −
x
τ
∇E2E2.
Using the Sasakian structure, we see that
∇E1E1 = ∇E2E2 = 0
and
∇E1E2 = −∇E2E1 = −2
∂
∂z
.
Taking into account these equalities in (3.22), we obtain
∇UU = U [ 1
τ
]τV − 2
τ2
(xE1 + yE2).
Using (2.8), we get
TUU = − 2
τ2
(xE1 + yE2).
After some calculation, we arrive
TUU = −
{
2x
x2 + y2
∂
∂x
+
2y
x2 + y2
∂
∂y
+
2xy
x2 + y2
∂
∂z
}
.
For any function f on (R
3
, ϕ0, ξ, η, g), the gradient of f with respect to the metric
g is:
∇f =
∑
i,j
gij
∂f
∂xi
∂
∂xj
= 4
{(
∂f
∂x
+ y
∂f
∂z
)
∂
∂x
+
∂f
∂y
∂
∂y
+
(
y
∂f
∂x
+ (1 + y2)
∂f
∂z
)
∂
∂z
}
.
Then, for the function f = 14 ln(x
2 + y2), it is easy to verify that
TUU = −∇f.
Hence, it follows that
TV V = −‖V ‖2∇f
for any vertical vector field V. Under the given conditions, the tensor T is never zero.
So, the fibers of pi are not totally geodesic, but they are totally umbilical with mean
curvature field H = −∇f. Thus, by Theorem 2.4, we see that this anti-invariant
Riemannian submersion is Clairaut with r = ef , where f = 14 ln(x
2 + y2).
Henceforth, we have alternative theorem, namely Theorem 3.2, to check that
whether the submersion is Clairaut or not.
In fact, for any horizontal vector field X proportional to ξ, we easily verify that
the condition (3.6) of Theorem 3.2.
Now, let X be any horizontal vector field orthogonal to ξ and V be any vertical
vector field, then using (2.1), (2.15) and the equation (34) of Corollary 6.1 of [24],
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we have
g(TV BX,ϕV ) =g(TV ϕX,ϕV )
=g(ϕTVX,ϕV )
=g(TVX,V )
=− g(TV V,X).
Hence, we obtain
(3.23) g(TV ϕX,ϕV ) = g(∇f,X)‖V ‖2 ,
since TV V = −‖V ‖2∇f. Likewise, using (2.1), (2.15) and the equation (35) of
Corollary 6.1 of [24], we have
g(AXBX,ϕV ) =g(AXϕX,ϕV )
=− g(ϕAXϕV, ϕX)
=− g(ϕAXV,X)
=− g(AXX,V ).
Hence, we obtain
(3.24) g(AXϕX,ϕV ) = 0 ,
since AXX = 0. In addition to, we have
(3.25) η(X) = 0 and H∇α˙CX = 0 ,
since pi is Lagrangian and X is orthogonal to ξ. Using (3.23), (3.24) and (3.25), we
easily verify the equation (3.6). Thus, by Theorem 3.2, the considered submersion
pi is Clairaut.
Remark 3.8. We notice that the submersion given in Example 3.7 satisfies one of
the conditions of Theorem 3.4 and the condition (3.13) in Corollary 3.3.
4. Anti-invariant submersions admitting vertical
reeb vector field from sasakian manifolds
In this section, we check that the existence of Clairaut anti-invariant submersions
from Sasakian manifolds when the Reeb vector field is vertical. First of all, we
give a non-trivial example of an anti-invariant submersion from Sasakian manifold
admitting vertical Reeb vector field.
Example 4.1. Let R5 be a Sasakian manifold with usual Sasakian structure [6].
Consider the map pi : R5 → (R2, g2) given by
pi(x1, x2, y1, y2, z) = (
x1 + y1√
2
,
x2 + y2√
2
) ,
where g2 is the Euclidean metric on R
2. After some calculation, we see that
kerpi∗ = span{V = 1√
2
(E3 − E1), W = 1√
2
(E4 − E2), ξ}
and
kerpi⊥∗ = span{X =
1√
2
(E1 + E3), Y =
1√
2
(E2 + E4)}
12 TAS¸TAN, H.M. AND GERDAN, S.
It is not difficult to show that pi is a Riemannian submersion. Also, we have
ϕ0(V ) = −X and ϕ0(W ) = −Y. Hence, pi is an anti-invariant submersion admitting
vertical Reeb vector field. In particular, pi is Lagrangian.
We now assume that there exists an anti-invariant submersion pi admitting ver-
tical Reeb vector field from Sasakian manifold satisfying Clairaut condition. Then
because of Theorem 2.4, the fibers of pi must be totally umbilical. But, the following
result forces the fibers to be totally geodesic, since the fibers are submanifolds.
Theorem 4.2. ([10]) Let N˜ be a Sasakian manifold. If N is any totally umbilical
submanifold of N˜ tangent to the Reeb vector field ξ, then it is totally geodesic.
On the other hand, for any vertical vector field V, we have
(4.1) TV ξ = −ϕV
from the proof of Theorem 2 of [7]. The equation (4.1) says us the fibers of pi
cannot be totally geodesic. This is a contradiction. Thus, we have the following
classification theorem.
Theorem 4.3. There is no Clairaut anti-invariant submersions admitting vertical
Reeb vector field from Sasakian manifolds onto Riemannian manifolds.
5. Anti-invariant submersions from kenmotsu manifolds
In this section, we shall give new Clairaut conditions for anti-invariant Riemann-
ian submersions from Kenmotsu manifolds onto Riemannian manifolds. In which
case, the Reeb vector field ξ is necessarily horizontal, because Beri et al. [4] showed
the non-existence of anti-invariant Riemannian submersions from Kenmotsu mani-
folds such that the Reeb vector field is vertical.
Lemma 5.1. Let pi be an anti-invariant Riemannian submersion from a Kenmotsu
manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN ). If α : I ⊂ R → M
is a regular curve and V (t) and X(t) are the vertical and horizontal components of
the tangent vector field α˙(t) = E of α(t), respectively, then α is a geodesic if and
only if the following two equations
V∇α˙BX +AXϕV + (TV +AX)CX + η(X)BX = 0 ,(5.1)
H∇α˙(ϕV + CX) + (TV +AX)BX + η(X)(ϕV + CX) = 0(5.2)
hold along α.
Proof. From (2.15), we have
∇α˙ϕα˙ = ϕ∇α˙α˙+ g(ϕα˙, α˙)ξ − η(α˙)ϕα˙.
Since α˙ = V +X and η(V ) = 0, we can write
∇V ϕV +∇V ϕX +∇XϕV +∇XϕX = ϕ∇α˙α˙− η(X)(ϕV + ϕX),
Using (2.8)∼(2.11), together with (2.14), we obtain
H∇α˙(ϕV + CX) + (TV +AX)(BX + CX) + V∇α˙BX +AXϕV
= ϕ∇α˙α˙− η(X)(BX + CX + ϕV )
Taking the vertical and horizontal parts of the last equation, we get
V∇α˙BX +AXϕV + (TV ++AX)CX = Vϕ∇α˙α˙− η(X)BX ,(5.3)
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H∇α˙(ϕV + CX) + (TV +AX)BX = Hϕ∇α˙α˙− η(X)(CX + ϕV ) ,(5.4)
From (5.3) and (5.4), we see that α is a geodesic if and only if (5.1) and (5.2) hold
along α. 
Theorem 5.2. Let pi be an anti-invariant Riemannian submersion from a Ken-
motsu manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN). Then, pi is a
Clairaut submersion with r = ef if and only if
{g(∇f,X)− η(X)}‖ V ‖2 = g(H∇α˙CX + (TV +AX)BX,ϕV )(5.5)
holds along α, where V (t) and X(t) are the vertical and horizontal components of
the tangent vector field α˙(t) of the geodesic α(t) on M , respectively.
Proof. Let α be a geodesic on M , then we have
‖ α˙(t) ‖2 = ν,
where c is a constant. Hence, we deduce that
g(V (t), V (t)) = νsin2θ(t) and g(X(t), X(t)) = νcos2θ(t)(5.6)
where θ(t) is the angle between α˙(t) and the horizontal space at α(t). Differentiating
the first expression , we obtain
g(∇ ˙α(t)V (t), V (t)) = νcosθ(t)sinθ(t)
dθ
dt
(t)(5.7)
Using the Kenmotsu structure, we get
g(∇α˙V, V ) = g(ϕ∇α˙V, ϕV ),
since η(V ) = 0. Here, by (2.15), we know
ϕ∇α˙V = ∇α˙ϕV − g(ϕα˙, V )ξ.
Hence, we obtain
g(ϕ∇α˙V, ϕV ) = g(H∇α˙ϕV, ϕV ),(5.8)
since ϕV is horizontal. From (5.7) and (5.8), we get
g(H∇α˙ϕV, ϕV ) = νcosθsinθdθ
dt
.(5.9)
Using (5.2), we find
−g(H∇α˙CX + (TV +AX)BX + η(X)ϕV, ϕV ) = νcosθsinθdθ
dt
(5.10)
As in the proof of Theorem 3.2, pi is a Clairaut submersion with r = ef if and only
if (3.11) holds. Thus, from (3.11) and (5.10), we get
d(f ◦ α)
dt
‖ V ‖2 = g(H∇α˙CX + (TV +AX)BX,ϕV )(5.11)
+ η(X)‖ V ‖2
Since
d(f ◦ α)
dt
= g(∇f,X), the assertion immediately follows from (5.11). 
From (5.5), we immediately have that:
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Corollary 5.3. Let pi be a Clairaut anti-invariant Riemannian submersion from a
Kenmotsu manifold (M,ϕ, ξ, η, g) onto a Riemannian manifold (N, gN ). Then, we
have
(5.12) g(∇f, ξ) = 1.
Example 5.4. Let M be a 3-dimensional Euclidean space given by
M = {(x, y, z) ∈ R3 | (x, y) 6= (0, 0) and z 6= 0}.
Following the Example 1 of [4], we define the Kenmotsu structure (ϕ, ξ, η, g) on M
given by
ξ =
∂
∂z
, η = dz, g =

 e2z 0 00 e2z 0
0 0 1

 and ϕ =

 0 1 0−1 0 0
0 0 0


A ϕ-basis for this structure can be given by {E1 = e−z ∂∂y , E2 = e−z ∂∂x , E3 = ξ}.
Let N be {(u, z) ∈ R2 | z 6= 0}. We choose the Riemannian metric gN on N in the
following form (
e2z 0
0 1
)
.
Now, we define the map pi : (M,ϕ, ξ, η, g)→ (N, gN ) by
pi(x, y, z) = (
x+ y√
2
, z).
Then the Jacobian matrix of pi is( 1√
2
1√
2
0
0 0 1
)
.
Since the rank of this matrix is equal to 2, the map pi is a submersion. After simple
calculations, we see that
kerpi∗ = span{U = E1 − E2√
2
} and kerpi⊥∗ = span{Z =
E1 + E2√
2
, Y = ξ}.
By direct calculation, we see that pi satisfies the condition S2) and ϕ(U) = −X.
Thus, pi is an anti-invariant Riemannian submersion. In particular, pi is Lagrangian.
Moreover, the fibers of pi are clearly totally umbilical, since they are one dimen-
sional. Here, we shall find that a function f on M satisfying TUU = −∇f.
Indeed, upon direct computations, we have
∇UU = 1
2
(∇E1E1 −∇E1E2 −∇E2E1 +∇E2E2).
Using the given Kenmotsu structure, we find
∇E1E1 = ∇E2E2 = −
∂
∂z
and
∇E1E2 = ∇E2E1 = 0.
Thus, we have
∇UU = − ∂
∂z
.
By (2.8), we obtain
TUU = − ∂
∂z
.
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On the other hand, for any function f on M , the gradient of f with respect to the
metric g is given by
∇f =
3∑
i,j
gij
∂f
∂xi
∂
∂xj
= e−2z
∂f
∂x
∂
∂x
+ e−2z
∂f
∂y
∂
∂y
+
∂f
∂z
∂
∂z
.
Then, it is easy to see that ∇f = ∂
∂z
for the function f = z and TUU = −∇f = −ξ.
Furthermore, for any vertical vector field V , we conclude that
TV V = −‖V ‖2∇f
from the last fact. Thus, by Theorem 2.4, the submersion pi is Clairaut.
Now, by using our result Theorem 5.2, we show that the submersion pi is Clairaut.
Indeed, if X is any horizontal vector field proportional to ξ, then it is easy to see
that the condition (5.5) is fulfilled. Next, let X be any horizontal vector field
orthogonal to ξ and V be any vertical vector field, then using (2.1), (2.15) and the
equation (59) of Corollary 7.2 of [24], we have
g(TV BX,ϕV ) =g(TV ϕX,ϕV )
=g(ϕTVX + g(ϕV,X)ξ − η(X)ϕV, ϕV )
=g(ϕTVX,ϕV )
=g(TVX,V )
=− g(TV V,X)
=g(∇f,X)‖V ‖2.
Hence, we obtain
(5.13) g(TV BX,ϕV ) = 0 ,
since ∇f = ξ. Additionally, by Theorem 7.3 of [24], we have A ≡ 0, since pi is
Lagrangian. Then, using this fact, (5.13) and (2.15), the condition (5.5) is fulfilled.
Thus, by Theorem 5.2, the given submersion is Clairaut.
Remark 5.5. We notice that the Clairaut Lagrangian submersion given in Example
5.4 satisfies the condition (5.12) of Corollary 5.3.
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